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Abstract: Entropic forces have recently attracted considerable attention as ways to 
reformulate, retrodict, and perhaps even "explain" classical Newtonian gravity from a 
rather specific thermodynamic perspective. In this article I point out that if one wishes 
to reformulate classical Newtonian gravity in terms of an entropic force, then the fact 
that Newtonian gravity is described by a conservative force places significant constraints 
on the form of the entropy and temperature functions. (These constraints also apply 
to entropic reinterpretations of electromagnetism, and indeed to any conservative force 
derivable from a potential.) 

The constraints I will establish are sufficient to present real and significant problems 
for any reasonable variant of Verlinde's entropic gravity proposal, though for technical 
reasons the constraints established herein do not directly impact on either Jacobson's 
or Padmanabhan's versions of entropic gravity. In an attempt to resolve these issues, 
I will extend the usual notion of entropic force to multiple heat baths with multiple 
"temperatures" and multiple "entropies" . 
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1 Introduction 



Thermodynamic interpretations (and reinterpretations) of the Einstein equations of 
general relativity have been investigated for quite some time. Fundamental papers 
date back to Jacobson's work in 1995 [1], with closely related follow up articles ap- 
pearing in references [2-6]. Another significant thread to the relativistic discussion of 
thermodynamic interpretations (and reinterpretations) of the Einstein equations has 
been that due to Padmanabhan [7], and his collaborators [8-12], in the first decade 
of the 2000's. Further afield, Hu and his collaborators have sought to interpret gen- 
eral relativity in a hydrodynamic [13] and stochastic [14, 15] manner. Entropic and 
thermodynamic issues also implicitly underly much of Sakharov's "induced gravity" 
approach [16, 17], and much of the "analogue spacetime" programme [18, 19]. For 
selected further developments see references [20-25]. 

Set against this backdrop, in early 2010 Erik Verlinde introduced a specific model 
for the interpretation of Newtonian gravity as an entropic force [26]; a model that 
has attracted considerable attention. Attempts have been made to extend Verlinde's 
model to loop quantum gravity [27], to the Coulomb force [28], to Yang-Mills gauge 
fields [29], to non-commutative geometries [30], and perhaps more controversially to 
cosmology [31-33]. (For earlier related work see [34, 35].) There have also been a 
number significant technical criticisms of Verlinde's ideas [36-40]. 

In the current article I shall not attempt to "derive" or "justify" an entropic inter- 
pretation for Newtonian gravity, rather I shall ask the converse question: " Assuming 
that Newtonian gravity can be described by an entropic force, what does this tell us 
about the relevant temperature and entropy functions of the assumed thermodynamic 
system?" Starting from the definition of an entropic force 

F = TVS, (1.1) 

and asking that this entropic force reproduces the conservative force law of Newtonian 
gravity 

F = -V$, (1.2) 

one can deduce some rather strong constraints on the functional form of the temperature 
and entropy functions. (I specifically use $ rather than V for the potential to avoid any 
possibility of confusion with the notion of "thermodynamic volume".) The constraints 
we shall derive are strong enough to cause considerable unease and discomfort for the 
most direct implementation of Verlinde's ideas, though I shall demonstrate that there 
are (somewhat strained) modifications of Verlinde's specific entropic force scenario that 
can be made to accurately reproduce Newtonian gravity. 
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The issues I raise in this article do not directly affect the entropic/thermodynamic 
considerations of the fully relativistic models introduced by either Jacobson [1-6] or 
Padmanabhan [7-12]; those models should be assessed on their own merits. It should 
be emphasised that Verlinde's scenario [26] makes considerably stronger assertions than 
either the Jacobson or Padmanabhan scenarios. The differences between the Jacobson 
and Padmanabhan scenarios and Verlinde's proposal are both technical and conceptual: 

• Because the Jacobson and Padmanabhan scenarios are fully relativistic and fully 
field theoretic, the ultimate goal of those proposals is to obtain the Einstein 
equations, essentially as consistency conditions on the thermodynamics of an 
infinite collection of arbitrary observer-dependent virtual causal horizons. The 
focus there is on the field equations in some fiducial region of spacetime, not on 
any individual particle subject to buffeting by real physical thermal fluctuations. 
In those scenarios there is no direct statement or claim regarding the existence of 
any F = T V5 physical entropic force, nor indeed any direct way of extracting 
any such force from their formalism. 

• Because the Jacobson and Padmanabhan scenarios seek to derive the Einstein 
field equations, (or sometimes modified Einstein equations if one adopts non- 
standard thermodynamics for the virtual causal horizons), not individual forces 
on individual particles, there is no direct connection to the Verlinde scenario. 
Rather indirectly, one could appeal to the Einstein-Infeld argument whereby 
the Einstein field equations applied to an isolated lump of stress-energy lead to 
the geodesic equations, and then further make weak-field assumptions to obtain 
Newtonian gravity via the geodesic equations — but the logical distance between 
the thermodynamic aspects of the Jacobson and Padmanabhan scenarios and 
Newton's inverse square law is rather significant. 

• In direct contrast, in Verlinde's scenario (Newtonian) gravity is very literally to 
be interpreted as a F = T V5 physical entropic force, with the implication of a 
strong thermal coupling to some sort of physical heat bath. No such assumptions 
are made in either the Jacobson or Padmanabhan scenarios — insofar as their 
proposals contain heat baths, they are virtual heat baths, each being attached to 
an observer-dependent virtual causal horizon. 

• Furthermore Verlinde also makes a number of rather strong assertions regarding 
"holographic screens" that have no clear counterpart in either the Jacobson or 
Padmanabhan scenarios. In particular the "holographic screens" are typically 
taken to lie on equipotential surfaces, while no such limitation is imposed on 
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the virtual causal horizons in either the Jacobson or Padmanabhan scenarios - 
and the absence of any such limitation is essential in turning integral constraints 
evaluated on causal horizons into local field theoretic constraints (the Einstein 
equations) on the spacetime geometry. 

• In addition, a purely technical difference between the scenarios is that the holo- 
graphic screens are timelike while the observer-dependent virtual causal horizons 
are null (lightlike). 

In summary, the Jacobson or Padmanabhan scenarios are sufficiently different in their 
specific details from Verlinde's proposal that no direct conclusions regarding the former 
should necessarily be drawn from any problems encountered by the latter (or vice versa) . 

2 Conservative entropic forces 

There is no doubt that entropic forces exist, there are numerous physical examples, the 
most well-known of which are: 

• elasticity of a freely jointed polymer; 

• hydrophobic forces; 

• osmotic forces; 

• colloidal suspensions; 

• binary hard sphere mixtures; 

• molecular crowding/depletion forces. 

For instance, the configurational entropy of a freely jointed polymer immersed in a heat 
bath leads to an approximate Hooke's law relationship for the force required to hold 
the endpoints some fixed distance apart — and I emphasise that this is a completely 
reversible force [41, 42]. The question at hand, however, is whether entropic forces can 
be used to mimic Newtonian gravity, or more generally any conservative force derivable 
from a potential, and whether this can be done in a manner consistent with Verlinde's 
specific proposal. For definiteness we shall focus on two specific cases: 

• A single particle interacting with an externally specified potential. Physical quan- 
tities are then dependent on a single position variable r. 

• A many-body system of n mutually interacting particles. Physical quantities are 
then dependent on n position variables r*, for % £ {1 . . . n}. 
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2.1 1-body external potential scenario 

When a single body is interacting with an externally specified potential the force on 
the particle is 

F(r) = -V$(r). (2.1) 
If we assume this can be mimicked by an entropic force then we must have 

F(r) = T(r) VS(r), (2.2) 

implying 

V$(r) = -T(r) VS(r). (2.3) 

Without any calculation, since V$||V5, this immediately implies that the level sets 
of the potential are also level sets of the entropy. (Thus implying that the entropy 
is some function of the potential.) But by taking the curl of equation (2.3) we also 
see VTllViS, so that level sets of the temperature are also level sets of the entropy, 
(which are also level sets of the potential). Introducing some convenient normalization 
constants E* and T*, related by E* = fcgT,, this can be summarized by saying that 
the general solution of equation (2.3) is: 

T W = r{ J^ /E ,y S = kB f(-Hr)/E.). (2.4) 

Here f(x) is an arbitrary monotonic function and f'(x) = df/dx is its derivative. (One 
can easily verify this solution is correct by using the chain rule, with the monotonicity of 
f(x) being required to avoid a divide by zero error.) This very simple and very general 
constraint on the temperature and entropy of any thermodynamic system capable of 
mimicking an externally imposed conservative force is nevertheless very powerful - 
and we shall soon see that this result is very problematic for Verlinde's proposal. 

2.2 n-body scenario 

When one considers n bodies mutually interacting via some conservative force, the 
argument is very similar, with just enough difference to make an explicit exposition 
worthwhile. The force on the i th particle is now 

Fi(r u ...,r n ) = -Vi$(n,...,r R ). (2.5) 

If we assume this can be mimicked by an entropic force then we must have 

F t (n, . . . , r n ) = T(n, . . . , r n ) V^n, ...,r n ), (2.6) 
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implying 

Vi$(ri, . . . , r n ) = -T(n, . . . , r n ) V^n, ...,r B ). (2.7) 

Without any calculation, since Vz we have Vi$||VjS, this immediately implies that 
the level sets of the potential are also level sets of the entropy. (Thus implying that 
the entropy is some function of the potential.) But by taking the curl (with respect to 
the variable Vj) of equation (2.7) we also see that Vi we have VjT||VjtS', so that level 
sets of the temperature are also level sets of the entropy, (which are also level sets of 
the potential). As in the 1-body scenario, introducing some convenient normalization 
constants E* and T*, related by E* = ksT^, this can be summarized by saying that 
the general solution of equation (2.7) is: 

T 

T(n, ...,r n ) = — — — — ; Sin, ...,r n ) = k B /(-$(r 1; . . . , r n )/Ej. 

/'(-Q(ri, . . .,r n )/E*) 

(2.8) 

Here f(x) is again an arbitrary monotonic function and f'(x) = df/dx is its derivative. 
(One can again easily verify this solution is correct by using the chain rule, with the 
monotonicity of f(x)) being required to avoid a divide by zero error.) This very simple 
and very general constraint on the temperature and entropy of any thermodynamic 
system capable of mimicking the dynamics of n bodies mutually interacting via a con- 
servative force is nevertheless very powerful — and we shall soon see that this result is 
very problematic for Verlinde's proposal. 

2.3 n-body Newtonian gravity 

In the specific case of Newtonian gravity we have 

.1 \ Grriimj 



so that 



2 ^ n - v :i 



T(r 1; . . . , r n ) = —, ^ r , (2.10) 



f ' ( 2E* ^ 



and 



Specifically, this is enough to tell you that if Newtonian gravity can be mimicked by 
a entropic force then (in view of the monotonicity of f(x)) the entropy must be high 
when the particles are close together. 
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Purely as an example, a very specific proposal is to take f(x) = x, in which case 

ks GniiVrij 



T(r lt ...,r n ) = T.; S( ri , . . . , r n ) = ^ £ ] ^ [ . (2.12) 



This is arguably the simplest possible entropic force model one could come up with for 
Newtonian gravity — it certainly accurately reproduces the dynamics of Newtonian 
gravity, but it is very different in detail from Verlinde's proposal. (One reason for 
possibly being interested in this specific proposal is that it is isothermal, and the 
known examples of entropic forces in condensed matter setting typically take place in 
an isothermal environment.) 

2.4 n-body Coulomb force 

In the specific case of the Coulomb force we have 



$(ri,--- ,r n 



7- „ / J I qrt , T* ■ 



37re *rf. \ri-rj 



so that 



T(r u . . . , r n ) = — ■ ^, (2.14) 




87re E* r 

and 

S(n, r n ) = k B f [--^-=r E I • ( 2 - 15 ) 

\ 87re E* \Vi 

Specifically, this is enough to tell you that if the Coulomb force can be mimicked by a 
entropic force then (in view of the monotonicity of f(x), and the fact that the Coulomb 
potential is of indefinite sign, and as long as we have f{x*) = at some finite value 
x*), one must be prepared to deal with negative entropies and temperatures. Such a 
condition permits one, for instance, to choose a normalization such that S(<& = 0) = 0. 
In the present context this normalization is very natural in the sense that it assigns 
zero entropy to infinitely dispersed systems. 

Now negative entropies and temperatures are outside the realm of classical thermo- 
dynamics, but are nevertheless well-established concepts in theoretical physics. Nega- 
tive temperatures are common in statistical physics [43], where they are a signal that 
one is encountering a "population inversion" (for example, in certain nuclear spin sys- 
tems [44], in certain atomic gasses [45], or in laser physics [46]). Negative entropies are 
less common, but "negentropy" is often interpreted in terms of "information" — see 
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for instance Shannon's information theory [47], and various attempts at reinterpreting 
thermodynamics in terms of information theory [48, 49]. (We shall subsequently see 
many more instances of negative entropies and negative temperatures when we explore 
Verlinde's specific approach later on in this article.) 

Purely as an example, a very specific proposal is to take f(x) = x, in which case 

TCn, . . . , r n ) = T.; S(n, . . . , r„) = -t-^tt Y, (2.16) 

This is arguably the simplest possible entropic force model one could come up with for 
the Coulomb force — it certainly accurately reproduces the dynamics of the Coulomb 
force. (But note that this specific proposal is qualitatively different from Wang's pro- 
posal in [28], and is at best orthogonal to Verlinde's suggestions in [26].) 

3 Problems with Verlinde's proposal 

The problems with Verlinde's proposal come from his specific suggestions for making 
the temperature depend on a non-relativistic variant of the Unruh effect [50], and 
making the entropy depend on the "distance from a holographic screen" [26]. We have 
just seen that for conservative entropic forces we only have one free function f(x) to 
play with, and that is simply not sufficient to satisfy all of Verlinde's requirements. 

3.1 1-body external potential scenario 

For a single body interacting with an external potential, if the force is to be given 
an entropic interpretation then the temperature is necessarily some function of the 
potential, $. But Verlinde wants the temperature to be interpretable in terms of a 
non-relativistic variant of the Unruh effect [50], so it must be some function of the 
norm of the acceleration a, and so must be some function of the norm of the gradient 
of the potential |V$|. 

But in general these requirements are mutually inconsistent: The level sets of the 
potential $ are generically not the same as the level sets of the norm of the gradient of 
the potential |V$|. The level sets coincide only under extremely stringent symmetry 
hypotheses (such spherical symmetry, cylindrical symmetry, or planar symmetry). For a 
generic potential these level sets simply do not coincide, and if we want the force to have 
an entropic reinterpretation then the temperature of this hypothetical thermodynamic 
system cannot depend on |V$|, and so cannot have a Unruh-effect interpretation. 
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More explicitly, in the 1-body external potential scenario we must have VS 1 oc a, 
and Verlinde's proposal amounts to making the identifications: 

„ h |q| — q 2irk B mc „ 

1 — — - — : Vd = a. 3.1 

2nk B c h v ; 

That is 

T _ h |Vgj , vs _ 27rk B mc V$ 

2nk B mc H ' |V$|" ' 

But this last equation, 

V5 = (const) (3.3) 

is generically ill-posed. Given generic $ as input, no such S* exists. It is only when the 
level sets of $ coincide with the level sets of |V$| that this differential equation has 
solutions. (That is, the iso-potential surfaces have to coincide with the iso-acceleration 
surfaces. This is an extremely stringent constraint satisfied only in situations of very 
high symmetry, such as spherical, cylindrical, or planar symmetry.) Note that this 
is not an argument against entropic forces, nor even an argument against entropic 
reinterpretations of Newtonian gravity, it is instead an argument against Verlinde's 
specific proposals for T and 'VS. 

Is there another assignment that would work? Yes, as we have seen, for arbitrary 
monotonic f(x) the assignment 

S = k B /(-$/£*), (3.4) 



/'(-<!>/£*) 

successfully does the job of reproducing the classical force F, though in this proposal 
the temperature does not have any direct interpretation in terms of the Unruh effect. 

3.2 2-body scenario 

Somewhat different problems affect the 2-body scenario. At the most basic level Ver- 
linde's proposal would assign a different temperature to each particle 

T, = AM = A1Z^, ie[l)2}) (3.5) 

2ixk B c 2i\k B m,iC 

whereas the standard notion of entropic force really only has room for a single temper- 
ature to be assigned to the whole thermodynamic system. 

If we put this aside for now, and concentrate on the entropy, Verlinde's key axiom 
is that a particle near a "holographic screen" in some sense contributes an entropy [26] 

. „ , mcAx 

AS = 2nk B ——. (3.6) 
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Verlinde takes the entropy to increase as the particle moves towards the "holographic 
screen". Let us call So the entropy of the "holographic screen" when the particle is 
located on the screen itself, and £ the geodesic distance to the screen. Then at least 
for small I we can formalize this as 

S = S - 27rk B (3.7) 
n 

or even 

VS = 1 — n. (3.8) 

Here n is the "outward normal to the holographic screen" . The minus sign is important. 

For two particles we have two masses r?v As long as we are dealing with a central 
force, in a 2-body system it is appropriate to choose two spherical "holographic screens" , 
one around each particle individually, thereby defining two normal vectors n,;. This 
strongly suggests that we need two entropies 

2nk B miC 

Vibi = n,j, i e {1,2}, (no sum on i). (3.9) 

But then, as long as we are dealing with a central force, in a 2-body system 

fii || (ri -r not{i) ), i G {1,2}. (3.10) 

Because of the very high symmetry, in the 2-body situation we can integrate these two 
equations to obtain (up to irreverent constants of integration) the entropies: 

2nk B miC . 
Si = |r< - r not (i)|, zG{l,2}. (3.11) 

Note that these entropies are negative. (Even if we had used the arbitrary constants of 
integration to make the entropy positive at zero separation, one would nevertheless be 
driven to negative entropy at large separation. So in Verlinde's "holographic screen" 
framework for entropy, there is no real loss of either generality or "physical reasonable- 
ness" in choosing to normalize these entropies to zero at zero separation.) To reproduce 
the 2-body force law we must now take 

Fi = Ti ViSi i e {1, 2}, (no sum on i). (3.12) 

Unwrapping this expression for the force we see 

F = -|Vi$| ft,. (3.13) 

But there are various ways in which this proposal still does not quite work. 
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• For Newtonian gravity this version of the proposal at least generates an attractive 
2-body force, at the cost of negative entropies S^. (Though the temperatures Tj 
are at least positive.) 

• For a Coulomb 2-body situation one needs an additional ad hoc "fix". To keep 
track of attraction versus repulsion one needs to take the sign of the individual 
charges outside the |a,| of equation (3.5), so that |oj| — > —sign(qiq2)\ai\, and 
Ti ->■ -sign(qiq 2 ) \Ti\. Then 

Fi = sign(qxq 2 )\Vi$\ n». (3.14) 

Note that for charges of the same sign (repulsive electric forces) one now needs 
negative temperatures. We shall subsequently (see equation (4.12)) find a better 
way of dealing with this "fix" to make it less ad hoc. 

• More disturbingly, the very notion of needing to use two temperatures, and two 
entropies, to reproduce 2-body Newtonian gravity is rather orthogonal to stan- 
dard notions of entropic force. 

Why were these issues unrecognized Verlinde's article? Because the explicit calculations 
carried out there did not look at the 2-body scenario, and dealt exclusively with the 
test particle limit. (And even more restrictively with the test particle limit in situations 
of extremely high symmetry.) 

3.3 (n > 3)-body scenario 

Related but even more acute problems affect the n-body scenario. For n > 3 one has 
to deal both with multiple temperatures, 

h\a,i\ h\Vi<$>\ 
T i = 7TT— = 7rT, ' ie{l,...,n}, 3.15 

and with ill-posed differential equations determining the entropies Si. At various points 
of his article [26], Verlinde rather strongly suggests that his "holographic screens" be 
located on equipotential surfaces, in which case the normal appearing in equation (3.8) 
is n = V$/|V$|. But then we are back to the equation 

VS-^V*, (3 , 6 ) 

which we had previously seen is generically ill-posed. (That is, ill-posed except in 
situations of extremely high symmetry.) In fact, one should write down one such 
equation for each individual particle, 

2irk B miC V,$ 

VjDj = ^ , « 6 {!,••■ , nj, (no sum on i). (3.1 7) 
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But for n > 3 bodies the potential $(t*i, . . . , r n ) generically has no symmetries, so 
these are ill-posed equations that generically have no solutions. 

We have gone through these problematic issues in some detail because the prob- 
lems raised now give us some hints on how to proceed. I again emphasize that I am 
not particularly worried about entropic forces per se, it is instead the combination of 
entropic forces with the Unruh effect and "holographic screens" that leads to problems. 



4 Thermodynamic forces 

Suppose we have a complicated thermodynamic system that is described by a large 
number of intensive variables x a and a correspondingly large number of extensive vari- 
ables X a . Then one can write down an expression for a "thermodynamic force" 

F = 5>aVX a , (4.1) 

a 

which now has a more general structure than that normally assigned to an "entropic 
force" . This sort of decomposition is much more promising when it comes to a coherent 
implementation of Verlinde's ideas within the thermodynamic force scenario. 

4.1 1-body external potential scenario 

We had previously seen that the differential equation (3.3) was ill-posed unless the 
potential was of very high symmetry. So let us assume that the potential decomposes 
into a linear sum of such highly symmetric potentials 

*(r) = J>«(r). (4.2) 

a 

Let the individual § a (r) be either spherically symmetric, cylindrically symmetric, or 
plane symmetric. Let i a denote the geodesic distance to the centre of the spherically 
symmetric potentials, the geodesic distance to the axis of the cylindrically symmetric 
potentials, and the (signed) geodesic distance to some convenient plane of symmetry 
for the plane symmetric potentials. Then by construction for each individual potential 
we have $ a (r) = $ a (£ a ). For each individual potential $ a we can now integrate the 
differential equations 

2-Kk B mc „ 2irk B mc 
VS a = n a = W a , (4.3) 

to yield (up to arbitrary irrelevant constants of integration): 

S„ = L. (4.4) 
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If we now define 



T a = -— — (a a -n a ) = — — — , (no sum on a), (4.5) 

2nk B c 2nk B mc ai a 



F = J2 T ^S a = -J2^Vt a = -V (V * B ) = -V*. (4.6) 



then, as required 

a a 

Several comments are in order: 

• This is indeed a "thermodynamic" interpretation of the force, but now with an 
unboundedly large number of "temperatures" T a , and "entropies" S a . This lies 
well outside the usual notion of entropic force, but seems to be the minimum 
requirement if one wants to explain/reinterpret externally applied conservative 
forces as "thermodynamic forces" while simultaneously having temperatures that 
are "Unruh-like" and an entropy that is "holographic" in Verlinde's sense. 

• Note the use of a a ■ n a rather than \a a \, and d§ a /d£ a rather than V$ a . This is 
done to automatically take care of the signs for attractive and repulsive potentials, 
so the formalism works equally well for gravity and electromagnetism - - the 
formalism can now even handle potentials such as the Lennard- Jones potential 
where the force can change sign as a function of distance. 

• Note that for attractive forces the Unruh-like temperature T a is positive, while for 
repulsive forces it is negative. This explains (and makes systematic) the othewise 
ad hoc fix we encountered when considering 2-body Coulomb forces. 

• Note that the physical 3-acceleration satisfies 

a = J2 a a- (4-7) 

a 

So based loosely on the Unruh effect one might define a "total temperature" 

T=\J2 T a h a \ < V \T a \. (4.8) 

I 'a I 'a 

The utility of such a definition is uncertain. 

• One might also try to define a "total entropy" 

a a 

The utility of such a definition is uncertain. In particular Y2 a does not seem 
to have a clear physical interpretation/justification. 
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4.2 n-body scenario 

Having seen what can be done for a external potential once we adopt multiple "tem- 
peratures" and "entropies", and having seen what goes wrong with the most naive 
implementations of the 2-body and n-body potentials, we can now see our way to a 
general "thermodynamic" ansatz that at least reproduces the classical force we are 
seeking to emulate. Consider any n-body potential that is a linear sum of 2-body 
central potentials: 

$(r 1 ,...,r n ) = -Yl* ij (r i -r j ). (4.10) 

For each ordered pair of particles, based on the 2-body results of the previous section, 
postulate 

27ik B m i c\r i - rjl 2ixk B miC £y . . , 

Si-.j = j. - = i, J e {l,...,n}. (4.11) 

Note the absence of any interchange symmetry; this is the "entropy" of particle % due 
to the presence of particle j. (I shall use the subscript to emphasise the lack of 

symmetry under particle interchange, and use il if whenever the quantity is symmetric 
under particle interchange.) Based very loosely on the Unruh effect, one can argue that 
there is also a "temperature" of particle % due to the presence of particle j: 



T ^ = 'TIT- • f^i) = o u -W 1 ' 1,3 e{l,..., n}. 4.12 

2nk B c 2ixk B miC atij 



Again note the absence of any interchange symmetry. Effectively one is temporarily 
pretending all other particles are absent, calculating what the acceleration of particle 
i would be if particle j were the only other particle in the universe, and using that 
acceleration a i: j in Unruh's formula [50] to define the temperature T i: j. Because of the 
assumption that we are dealing with a central force, we have (a i: j ■ n^j) = =f | <x i;J - 1 , with 
— for attraction and + for repulsion. The force on particle i is 

J J 3 

Ef 1 ^) = -V, Q E-.f ^) = -V^(r 1; . . . , r B ). (4.13) 

Note that this construction works for any n-body potential that is a linear sum of 
2-body central potentials. Both attractive and repulsive forces are automatically dealt 
with by phrasing the "temperatures" in terms of 9^$, (rather than |c^$|). 
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This construction at least reproduces the classical force law we are attempting to 
emulate using thermodynamic means. But, to paraphrase Alice, consider the number 
of impossible things one has to believe in before breakfast: 

• You need a whole collection of n(n — 1) "temperatures" T&j, one for each or- 
dered pair of particles, which do not add in any sensible way. Note that the 
3-accelerations of the individual particles now satisfy 

a i = s ^a i .. j . (4.14) 

j 

So based rather loosely on the Unruh effect one might guess that each individual 
particle can be assigned a "temperature" : 

V,:, n, :; < \T i:j \. (4.15) 

But there seems to be no sensible way of defining an overall "temperature" for 
the entire n-body system. 

• You also need a whole collection of n(n — 1) entropies S^j, one for each ordered 
pair of particles. For the total entropy S, if we boldly assert 

S = £ 5,, = - £ ^ k B^c\r,-r^ ^ 

i,3 i,3 

then defining R = maxjj{ |r, — we see that with this definition we have 

|^| < ^ 2TTk B miC R _ 2nk B McR (A 17) 

So up to a sign, this prescription at least provides a Newtonian version of the 
Bekenstein bound [51]. Note that this bound would apply to any central force 
that is given a thermodynamic interpretation in terms of "holographic screens" 
using the pairwise entropies S i: j above. This bound is not specific to gravity, 
either Newtonian or general relativistic. Whether or not this observation has any 
deeper significance is unclear. 

4.3 n-body Newton and Coulomb forces 

In this section we have seen that it is possible to find an interpretation of Verlinde's 
ideas that simultaneously is "thermodynamic", respects the Unruh-like interpretation 
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of temperature and is compatible with Verlinde's "holographic screens", and correctly 
reproduces the original classical force that one is attempting to emulate. But the 
price paid for this is very high. One has to introduce multiple "temperatures" and 
"entropies" , one for each ordered pair of particles, whose physical interpretation is far 
from clear. In the specific case of Newtonian gravity we should take 

27rk B miC ijj . 

Si-.j = ^ , 1,3 E {l,...,n}, (4.18) 

and 

r -^2^iT < ! < 419 > 

In the case of the Coulomb force the "entropies" remain the same, but the "tempera- 
tures" are modified to be 

T^ = -tt^ 7%, '-./Ml ")• (4-20) 

2nk B miC Ane ifj 

Note that "entropies" are negative, while for the Coulomb force the "temperatures" can 
be either positive or negative depending on whether the two particles in the pair are 
equally or oppositely charged. Though somewhat complicated, this particular assign- 
ment of multiple "temperatures" and "entropies" seems to be the minimum requirement 
to make something like Verlinde's suggestions work. 

5 Relative accelerations and reduced masses 

There is a minor variant of the formalism that is a little more symmetric, but at the 
cost of moving somewhat further from any usual interpretation of the Unruh effect, 
and that is to work with pairwise relative accelerations and pairwise reduced masses. 
That is, consider the antisymmetric quantity 



Aa i:j = a i:j - a j:i (5.1) 



and the symmetric quantity 



m, = (5-2) 



Then choose 

ft / . - x ft <9$ 



and 



T - = -2^ (Aa - ■ ^ = 2^~c if' iJ& {1 ' • • • ' n} ' (5 ' 3) 



27rk B fi ij c\r i - rj\ 2nk B ^ijC % . . r 

Sij = J — J - = i, i, j E {1, . . . , n}. (5.4) 
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These temperatures and entropies are now symmetric under particle interchange, so one 
needs only \n(n — 1) heat baths. With this assignment one again thermodynamically 
reproduces the force law one is aiming for, now in a more symmetric fashion, and 
reducing the number of required heat baths by a factor of 2. But the price again is very 
high — in assigning the temperature one not only has to ignore all the other particles 
in the universe, but one has to decompose the motion of the ij pair into centre of mass 
and relative motions, and then to assign the temperature to a fictitious "particle" 
mimicking the relative acceleration. By this stage the relationship of this Ty to Unruh's 
derivation of acceleration radiation [50] is becoming severely strained. The relationship 
of this Sij to Verlinde's proposals regarding holographic screens is also becoming rather 
strained. Furthermore, because the quantity faj^ij nas no particularly pleasant 
features, for the total entropy one severely degrades the tentative connection to the 
Bekenstein bound. 

If we nevertheless proceed along these lines, then in the specific case of Newtonian 
gravity we should take 

^ = _ 2 *W\ ije {!,..., n}, (5-5) 

and 

T. = — ^ , .,jG{l,...,n}. (5.6) 

In the case of the Coulomb force the "entropies" remain the same, but the "tempera- 
tures" are modified to be 

lij — ~n 7~~ 7%, i,je{l,...,n}- (5-7) 

6 Further extensions of the formalism 

If the only thing one is interested in doing is to somehow mimic a classical force field 
by thermodynamic means, then one has considerable flexibility. For instance, the pre- 
scriptions of equations (2.4) and (2.8) provide an entropic force interpretation of any 
conservative force in terms of a single heat bath, but those prescriptions do not have any 
Unruh-like interpretation for the temperature, nor is there any natural way to intro- 
duce "holographic screens" into that formalism. In contrast, if one wishes to implement 
some version of Verlinde's ideas, one is forced into quite complicated constructions using 
multiple intensive and extensive thermodynamic parameters; multiple "temperatures" 
and "entropies". See equations (4.4)-(4.5), and (4.11)-(4.12), and more specifically 
(4.19)-(4.20). 
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If one is willing to relax Verlinde's conditions then there is tremendous flexibility 
in the thermodynamic force scenario. For instance, pick some arbitrary collection 
of dimensionless monotonic functions hi-j(x), and a convenient length scale L*, and 
postulate 

o 2nk B m iC L* h i:j ( \r\ -rj\/L,) . . 

Si-.j = 1 , 1,3 6 (6.1) 

Note the absence of symmetry; this is to be interpreted as the "entropy" of particle i 

due to the presence of particle j. 

For the Newton force postulate the "temperatures" 

m h Grrii , , , 

%, = ——- J — — , /-./e l // . 6.2 

2ttcA;b |n - ki - r j\l L * ) 

For the Coulomb force postulate 

T ^ = 2nm lC k B 47re \ n - rj \* = ) ' U e {1, . . . , n}. (6.3) 

For a general central potential postulate 

/i 





r 4 - rj 


) 




r 


i-rjl/L* ) 



T i:i=n t T77 /i nV~T' '•./•: {1 //}• (6.4) 



Again note the absence of any symmetry. Then 

F, X; •/;,, V t S,.j = |r< - r s \ )V, r, - rj\ = ]T V^( |r* - r,-| ). (6.5) 

Note that (after application of the chain rule) the functions h^.A-) and the constant L* 
have cancelled. One then has 

Fi = V, 1 <M |r, - r,| )) = V, Q <M |r, - r,| )) , (6.6) 

whence finally 

Fi = Vi$(ri,--- ,r n ). (6-7) 

This now reproduces the classical force law we are trying to emulate by thermodynamic 
methods. 

Setting h(x) = x reproduces the Verlinde-like proposal of equations (4.11)-(4.12), 
and more specifically of equations (4.19) and (4.20) above. On the other hand, if we 
choose 

M'<, /-) = (6-8) 
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then 




he 



T 



(6.9) 



* ■ 



and 




(6.10) 



he 



We now have a single heat bath at a fixed temperature, T* and can define a total 
entropy 



This has now reproduced the specific models of equations (2.12) and (2.16). By using 
both of the arbitrary monotonic functions /(■) and h(-) this could be generalized even 
further, but there seems little need (or utility) for doing so. 

7 Brownian motion, heat baths, and decoherence 

So far, we have addressed the formal question of how to represent conservative forces 
in an entropic manner. There are also serious physical questions to be answered in 
any entropic force scenario. A particularly cogent criticism of the physical reality of 
the entropic force scenario is based on issues related to quantum mechanical collapse 
of the wavefunction [37, 40]. Stripped to its essentials, and provided we postulate the 
physical reality of entropic gravity, the issue is this: 

• The fact that we do not see any Brownian noise superimposed on the motion 
of falling bodies (even individual elementary particles) indicates that the mean 
free time between interactions with the heat bath is very small, smaller than the 
temporal resolution of our experiments. 

• This indicates that one has a strong coupling to the heat bath. 

• But a strong coupling to the environment will cause decoherence - - "collapse 
of the wavefunction" - - on a timescale similar to the mean free time between 
interactions with the heat bath. 

• But quantum effects in external gravitational fields have been experimentally ob- 
served, without any sign of appreciable decoherence. (See the technical discussion 



This suggests significant problems for the notion of gravity as an entropic force, at least 
insofar as we take the heat bath (or multiple heat baths) to be real and physical, not 
just convenient descriptive fictions. 





in [37, 40].) 



8 Discussion 



In this article I have not attempted to justify reinterpreting Newtonian gravity as an 
entropic force, instead I have asked the question: 11 If we assume Newtonian gravity is an 
entropic force, what does this tell us about the relevant thermodynamic system?" What 
can we say about the relevant temperature and entropy functions? What constraints 
do they satisfy? The answers we have obtained are mixed: 

• If we want to use a single heat bath, then any conservative force can be recast into 
entropic force form — but the resulting model is at best orthogonal to Verlinde's 
proposal. 

• If we wish to retain key parts of Verlinde's proposal (an Unruh-like temperature, 
and entropy related to "holographic screens"), then one is unavoidably forced 
into a more general "thermodynamic force" scenario with multiple intensive and 
extensive thermodynamic variables. (Multiple "temperatures" and "entropies".) 
The relevant "entropies" are negative, while the "temperatures" are positive for 
attractive forces and negative for repulsive forces. These features are certainly 
odd, and certainly not what might naively be expected. 

There is no reasonable doubt concerning the physical reality of entropic forces, and no 
reasonable doubt that classical (and semi-classical) general relativity is closely related 
to thermodynamics [52-55]. Based on the work of Jacobson [1-6], Padmanabhan [7- 
12] , and others, there are also good reasons to suspect a thermodynamic interpretation 
of the fully relativistic Einstein equations might be possible. Whether the specific 
proposals of Verlinde [26] are anywhere near as fundamental is yet to be seen — the 
rather baroque construction needed to accurately reproduce n-body Newtonian gravity 
in a Verlinde-like setting certainly gives one pause. 
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